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Self-consistent photonic band structure of dielectric superlattices
containing nonlinear optical materials
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The theory of photonic crystals is extended to include the optical Kerr effect taking place in weak third-
order, nonlinear materials present in the unit cell. The influence on the dispersion relations of the illumination
caused by a single Bloch mode transiting through the crystal structure is examined. Special attention is given
to the modification of the photonic gap width and position. Assuming an instantaneous change of refractive
index with illumination, the nonlinear band structure problem is solved as a sequence of ordinary, linear band
structure calculations, carried out in a plane-wave field representation.
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After the work of Frankenet al. @1#, there has been
steadily expanding interest in the study of nonlinear op
materials. The many effects that have been discovered,
ing from the second- and third-order nonlinear polarizat
largely explain this enthusiasm, many of those being
pected to trigger new developments in the area of photo
@2#. On the other hand, periodic dielectric structures are v
effective in generating strong electromagnetic dispersi
@3#. Photonic crystals are one-, two-, or three-dimensio
structures which exhibit unusual optical properties. Most
these arise from strong departures in their dispersion rela
from the case of homogeneous space photons, where the
quencyv is proportional to the wave-vector amplitudek.
These periodic dielectric structures have their modes cla
fied according to Bloch’s theorem, involving an infinite num
ber of branches or bands, each of which is characterized
dispersion relation defined on the first Brillouin zone of t
periodic lattice. The finite extension of each band in the f
quency space can lead to frequency gaps@4# where, because
of Bragg scattering, electromagnetic waves are not allow
to propagate. One of the classical structures where this e
was demonstrated is known as the ‘‘layer-by-layer’’
‘‘woodpile’’ structure describing a periodic face-centered c
bic architecture, with dielectric rods stacked transversely@5#.
This structure is apparently somewhat easier to fabricate
structures where the rods are intersecting. With an adeq
adjustment of the relative position of the rod layers, the
electric distribution can be given an ordering close to t
found in the diamond crystal at atomic scales. This resu
for rods with large refractive index, in the appearance o
large photonic band gap which strongly dominates the o
cal properties of this inhomogeneous structure. In particu
the microfabrication of structures which prohibit optic
propagation in the infrared spectral range@6# are by now well
mastered.

One-dimensional photonic crystals, including nonline
materials, have recently received much interest, as it
realized that the feedback mechanisms inherent in nonlin
materials could considerably alter the photonic structure
periodic dielectric multilayer@7#. Photonic band structure o
material possessing Kerr nonlinearity have first been in
duced by Tran@8# who showed the effect of the presence
electromagnetic energy on a two-dimensional photonic c
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tal spectrum. Tran’s work shows a clear dependence of
position of the photonic band gap as a function of the in
dent energy. This band gap behavior is recovered in
present paper which deals with three-dimensional dielec
structures containing nonlinear optical materials. Howev
contrasting the mean-field finite-difference time-domain a
proach found in Tran, the present report introduces
polarization-dependent self-consistent field approach for
calculation of the photonic band structure of Kerr med
where the inhomogeneous refractive index depends on
light field intensity. The specific case of a nonlinear laye
by-layer structure will be examined.

The self-consistent treatment of the nonlinear band str
ture problem requires a series of operations involving
solution of the linear band structure. We then need to w
out the essential relations which allow one to carry out th
linear steps. We also develop the expressions require
compute the intensity distribution associated with each of
eigenmodes.

The wave equation, for monochromatic electromagne
fields propagating in an inhomogeneous medium with a
riodic dielectric constante(rW), can be written

¹W 3F(
GW

S 1

e D
GW

eiGW •rW¹W 3HW G5
v2

c2
HW , ~1!

wherev52pn measures the wave frequencyn. The equiva-
lent equation for the electric field will not be written, as,
this case, the electric field can be deduced from the magn
field. The translation invariance permits the application
Bloch’s theorem. In Fourier space the electromagne
modes adopt the following form:

HW ~rW !5(
GW

~h1GW eW1GW 1h2GW eW2GW !ei (kW1GW )•rW, ~2!

where the Bloch vectorkW belongs to the crystal lattice firs
Brillouin zone.eW1GW andeW2GW are normalized polarization vec
tors both perpendicular tokW1GW and normal to each other
When this is inserted in the wave equation~1!, we are led to
the following matrix eigenvalue problem:
©2001 The American Physical Society02-1



ion
d
d

en
l
,

to

, i
e
st
i

wn

ty
r

i-

an
e
a
ta
u
th

za

re
c

io

t
e

-
to

e
ive

uc-
are
out

ile
i-

BRIEF REPORTS PHYSICAL REVIEW E 63 027602
(
GW 8

(
l851

2 H S 1

e D
GW 2GW 8

[(kW1GW )3eWlGW ]

3[(kW1GW 8)3eWl8GW 8] J hl8GW 85S v

c D 2

hlGW , ~3!

(
GW

(
l

uhlGW u 251. ~4!

This eigenvalue problem produces the dispersion relat
of the photonic modes and the Fourier coefficients neede
reconstruct the magnetic field associated with each mo
The matrix to be diagonalized is Hermitian so that the eig
values are all real and the eigenvectors are orthogona
each other. The energy flux carried by such a Bloch wave
its associated intensity~in watt per square meter!, is distrib-
uted in space according to the value of the Poynting vec
For monochromatic oscillating fields, we write

jW~rW !5
1

2
R @EW 3HW * #5R (

GW
jWGW eiGW •rW ~5!

with coefficients explicitly given by

jWGW 5
1

2ve0
(
G- 8

(
GW 9

S 1

e~rW !
D

GW 1GW 82GW 9

3HW GW 8
* @~kW1GW 9 !3HW GW 9#. ~6!

The vector character of the current density implies that
general, energy is not transported along straight lines: du
refraction effects, the energy can avoid parts of the cry
unit cell and concentrate in others. The local light intensity
given by the projection of the current density along its o
direction, i.e., the Cartesian norm of the current,I (rW)
5i jW(rW)i . This distribution has automatically the periodici
of the photonic crystal. In a Kerr medium, this quantity pa
tially controls the refractive index

n~ I !5n~0!1n2
I I . ~7!

If we consider an eigenmode of the photonic crystal with
specific Brillouin zonekW vector, we can evaluate its assoc
ated intensity by using Eqs.~4!–~6! by substituting there the
normalized Fourier coefficients of the eigenfields. The st
dard normalization@Eq. ~4!# amounts to occupy the mod
with a specific number of photons which we will later use
a reference. Imposing the illumination level of the crys
using a single specific eigenmode means changing the n
ber of photons occupying this mode. We will measure
illumination by specifying the ratiob between the imposed
intensity and the reference intensity given by the normali
tion condition~4!.

We now assume that the nonlinear photonic crystal
ceives energy in one of its eigenmodes which is then oc
pied by photons in such a way that the intensity distribut
is given by
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I ~rW !5bi jW re f
nkW ~rW !i . ~8!

The occupied statenkW is chosen by specifying the inciden
frequencyv, the direction of the propagating energy in th
Brillouin zone, and the band indexn appropriate to the tran
siting wave polarization. From these inputs, we still have
compute the Brillouin zonekW vector which characterizes th
excited mode by adjusting its length so that the dispers
frequency matches the given value ofv.

In practice, the computation of the nonlinear band str
tures is carried out as follows. First, the nonlinear effects
neglected and the linear band structure is determined with

FIG. 1. Self-consistent band structure of a nonlinear woodp
photonic crystal under illumination. From top to bottom, the illum
nation levels are set tob55, b510, andb515.
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illumination. Then we start operating with the following i
erative steps: the ‘‘pump’’ photon state is determined fro
the chosen incident direction and the input beam freque
v, and the corresponding intensity is determined through
the crystal primitive cell. The resulting change of refracti
index is evaluated and a new photonic band structure is c
puted. This procedure is repeated until the band structur
stabilized, i.e., the input refractive index matches the out
refractive index.

The new aspect brought about by this iterative treatm
compared to standard linear band structure computatio
the fact that, in the nonlinear case, the final band struc
explicitly depends on the occupation of the photon mod
This situation is reminiscent of that found when dealing w
the problem ofn interacting particles in quantum mechani
where elementary treatments~Hartree, Hartree-Fock, densit
functional theory in the local density approximation, . . . )
involve the self-consistent iterative solution of a nonline
Schrödinger equation. There, the electronic charge den
also depends on the occupation of the lower energy sta
and the final energy spectrum has to be consistent with
occupation. The extension of the theory of photonic crys
from linear to weak nonlinear response can be parallele
the extension of the quantum theory of the one-body prob
to the self-consistent field approach of ann-body problem.

FIG. 2. Variation of the midgap frequency with illumination fo
a nonlinear woodpile structure.

FIG. 3. Variation of the gap width to midgap frequency ra
with illumination for a nonlinear woodpile structure.
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The occupation of the modes considered here is restricte
the occupation of a single mode but this is by no mean
stringent limitation: we can without conceptual difficult
populate more than one state and still proceed to the s
consistent calculation. The extension only requires to sum
the different intensities generated by all the occupied mo
to obtain the global intensity which modifies the refracti
index.

We now consider a photonic structure known as
‘‘woodpile’’ structure, made of rods cut in a Kerr materia
namely As2S3, with a dark field refractive index of 2.5, an
a nonlinear coefficientn2

I of 4.2310219m2 W21 @9#. The
nonlinear dielectric structure can be described as a stac

FIG. 4. Woodpile band structure computed for homogene
rods in air~homogeneous optical density model!, for different val-
ues of the refractive index: from top to bottom,n52.5, n53.0, and
n53.5.
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of crossed layers of parallel rods separated by air gaps.
Bravais lattice of the photonic crystal is face-centered cu
with crystal parametera51 mm @lattice translations vectors
aW 15(a/2)(0,1,1), aW 25(a/2)(1,0,1), aW 35(a/2)(1,1,0)] and
the primitive-cell contents can be described as two para
epipeds: the first one, with origintW15(0,0,0) with the
edge vectorscW15(a/2)(1,1,0), cW25(a/4)(0,0,1), andcW3

5(a/4)(2A2,A2,0), and the second one, with origintW2

5(a/2)(1,1,1) with edge vectorscW15(a/2)(1,21,0), cW2

5(a/4)(0,0,1), andcW35(a/8)(A2,A2,0). Inside these paral
lelepipeds, the local linear and nonlinear responses are t
to be those of arsenic trisulfide, as described above, while
rest of the primitive cell is empty with a unit refractive inde
and no nonlinear coefficient. Figure 1 shows the se
consistent band structure of this photonic crystal with th
levels of illumination (b55, b510, andb515), obtained
by populating a single photon mode, chosen in the direc
of the K-point in the fcc Brillouin zone. The exact state
chosen on the lowest band, maintaining a constant input
quency (v50.3 eV! throughout the iterations. This compu
tation shows a significant change of the photonic structu
except for very large values of the illumination, we esse
tially observe a redshift of both photonic gap edges~Fig. 2!
and a significant widening of the photonic band gap~Fig. 3!.

These results can be understood in terms of a signific
change of the value of the refractive index of the arse
sulfide rods. Figure 4 shows the woodpile band struct
computed for homogeneous rods in air~homogeneous optica
density model!, with different values of their refractive inde
(n52.5, 3.0, and 3.5!. The principal effect is the overal
lowering of the photonic band frequencies as the refrac
index is increased. This can be easily related to the struc
of the wave equation~1!, where the dielectric functione(rW)
appears at the denominator of the operator to be diago
ized. An increase of the mean value of this function w
result in a decrease of the eigenfrequencies.

Returning to Fig. 1, we find that the frequency lowering
more pronounced for some of the bands: these correspon
waves whose polarization is close to that of the input exc
mode. This results in a separation of the frequencies of
ferent polarizations and a significant reduction of the eff
of the photonic crystal symmetry on the polarization pairi
of the bands.
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The theory presented in this Brief Report is mainly d
signed to deal with frequencies significantly lower th
atomic ionization frequencies, which roughly character
the response of electrons responsible for the appearanc
nonlinear effects. The outcome of the present work then
cludes the important case of infrared optical switching
fects, which might be of importance in many questions r
evant to optical information processing methods. Oth
approaches have been considered in order to generate a
metric adjustment of the photonic crystal spectrum. The
of nematic liquid crystals@10# infiltrating porous structures
for instance, has been demonstrated. Other ideas have
proposed, where parameters like the temperature@11#, hydro-
static pressure, or other mechanical actions could influe
the photonic gap properties. Though extremely interesting
many instances, these approaches are perhaps not optim
suited to solve the problem of optical switching, as proces
which are not purely electronic in nature are bound to
excessively slow in regard to the applications requireme
By contrast, the mechanisms examined in this work are
herently fast. The main limitation on the usefulness of t
effect is probably that significant changes of refractive ind
requires very high light intensities. The ideal material f
investigating the effects is probably not known. This mater
should be characterized by a very strong third-order non
ear contribution, but, at the same time, should minimize
second-order response. The centrosymmetric suppressio
the second order response is known to occur in homogen
media, but more work and careful attention is still needed
estimate this effect in the case of periodically modulated m
terials where some form of macroscopic symmetry lower
can be present.
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